Let G be a graph and a(G), LIF(G) denote the maximum orders of an induced forest and an induced linear forest of G, respectively. It is well-known that if G is an r-regular graph of order n, then a(G) ≥ 2 r+1 n. In this paper, we generalize this result by showing that LIF(G) ≥ 2 r+1 n. It was proved that for every graph G,
Introduction
Let G be a graph with vertex set V (G) and edge set E(G). The number of vertices and edges of G are called order and size of G, respectively. In this paper, we just consider simple graphs. The complement of G is denoted by G. The degree of a vertex v is denoted by d G (v). Let δ(G) be the minimum degree of G. For two positive integers m and n let K n and K m,n denote the complete graph of order n and the complete bipartite graph with part sizes m and n. Let d 1 , . . . , d n be the degree sequence of G and t(G) = n contains an independent set of size at least t(G), see [1] , [5] , and [10] . In [9] , it is shown that for a connected graph G of order n and size m, a(G) ≥ 8n−2m−2
9
. The right hand side of this inequality is negative for r-regular graphs with r ≥ 8, which is trivial. In this paper, we provide a non-trivial lower bound for a(G), where G is a regular graph.
Moreover, there are some lower bounds on the order of the largest induced linear forest in a triangle-free planar graph and an outerplanar graph [2] , [7] . If δ(G) ≥ 1, then it is shown that a(G) ≥ 2t(G), see [8] . Also, the author shows that for an r-regular graph G of order n, a(G) ≥ 2 r+1 n. Here, we generalize this result to linear induced forest and prove that LIF(G) ≥ 2 r+1 n for a general r-regular graph. Furthermore, we show that every r-regular graph G with LIP(G) = k has order at least 2k + ⌈− 2(k−1) r ⌉. In addition, there is a graph for which this bound is sharp. Next, we present a Nordhaus-Gaddum type inequality for a(G) and provide a family of examples where equality holds for them, see [6] . Finally, we present some computational results on order of the largest induced forest in a graph and conjecture that for every graph with δ(G) ≥ 2, LIF(G) ≥ 2t(G).
A Sharp Lower Bound for the Order of Largest

Induced Linear Forest in Regular Graphs
In this section, we obtain a lower bound for LIF(G) in terms of n and r, where G is an r-regular graph of order n. Finally, we present a polynomial time algorithm to find an induced linear forest of the given lower bound order. Theorem 1. Let G be an r-regular graph of order n. Then, LIF(G) ≥ 2 r+1 n and this bound is sharp.
Proof. If r = 1, then the assertion is trivial. Now, suppose that r ≥ 2. Let G 1 = G. At the first step, let F 1 be an induced linear forest with maximum order of G 1 whose size is minimum. At the i-th step, i ≥ 2, let G i = G \ i−1 j=1 V (F j ) and F i be an induced linear forest of maximum order of G i whose size is minimum. Continue this procedure until V (G) is partitioned into k induced linear forests, namely F 1 , . . . , F k . For i = 1, . . . , k, let |F i | = c i n, for some c i ∈ (0, 1). We have c 1 + · · · + c k = 1 and c 1 ≥ · · · ≥ c k > 0. Since V (G) is partitioned into k linear induced forests, we have
Now, we state the following claim.
To prove the claim by contradiction suppose that there exists a vertex v ∈ V (F i ) and
we obtain a larger induced linear forest which is a contradiction. Now, assume that v has exactly one neighbor in V (F j ), say u. If u is an end vertex of an induced path, then by adding v to F j we obtain a larger induced linear forest, a contradiction. If u is a non-leaf vertex of an induced path, then by adding v to F j and removing u we obtain an induced linear forest of the same order but with two less edges, a contradiction and the claim is proved.
To continue the proof, we consider two different cases depending on the parity of r.
Consider a vertex v ∈ V (F k ). By the Claim 1, we know that v has at least 2(k − 1) neighbors outside of F k . Since G is r-regular and r is odd, we have 2(k − 1) ≤ r − 1 which implies that k ≤ r+1 2 . By (1), we have
By the Claim 1 and the equality 2(k − 1) = r, we conclude that every vertex in F k has exactly two neighbors in each F i , i < k. Also, a vertex of degree 2 in F k−1 has at least
Along with two neighbors in F k−1 , there remains no edges between the vertex and vertices in F k . Hence, each edge between F k and F k−1 is not adjacent to a vertex of degree 2 in F k−1 . Now, consider a vertex v ∈ V (F k ) and suppose that its two neighbors in V (F k−1 ) are u and w. Both u and w are end vertices of two paths, say P u and P w , respectively.
Suppose that P u = P w . By adding v to F k−1 we obtain a larger linear induced forest, a contradiction. Thus, we have P u = P w . Note that no other vertex in F k can be adjacent to u (similarly to w), because the degree of u exceeds r. Therefore, every vertex in F k is adjacent to the endpoints of a path in F k−1 and these paths are distinct. Hence, we have
Since 2(k − 1) = r, one can see that
and the assertion is proved. Note that for every positive integer n ≥ 2, LIF(K n ) = 2.
In the following, we present an algorithm for finding an induced linear forest in G of order at least 2 r+1 n. We aim to construct a sequence of subgraphs {G i } in which G i is a maximal induced linear forest in G \ i−1 j=1 G j . Algorithm 1 describes this approach.
Algorithm 1 Finding induced linear forest of order at least 2 r+1 n Let G ′ be initially equal to G and set j = 0. Additionally, let all G i be empty subgraphs.
1: while G ′ is not empty do 2:
Remove v from G ′ and add it to G j 5:
while there exists w ∈ G ′ s.t. w has exactly one neighbor in G j called t and
Remove t from G j and add it to G ′
7:
Remove w from G ′ and add it to G j 8:
Swap G k 0 and G j
13:
Add G k 0 +1 , . . . , G j to G ′ and set each of them to empty subgraph again infinitely. Furthermore, the condition of while in the Lines 3 and 5 cannot be true more than n times. Thus, the total number of operations is finite and the algorithm terminates.
Second, because of the swap operation inside the if in Line 10, the orders of subgraphs in the final sequence after running the algorithm are non-increasing. Because of the analogy between this construction and the one in the proof, Claim 1 and Claim 2 holds for this sequence as well. Therefore, we can conclude that using maximal induced linear forests rather than maximum orders, we can reach an induced linear forest G 1 of order at least 2 r+1 n. Additionally, since each while loop would take at most n iterations, the run-time of the algorithm is O(n 3 ). Although this algorithm does not find the largest induced linear forest of G, it finds one with the given lower bound in polynomial time.
Induced Path in Regular Graphs
In this section, we present a lower bound on the order of an r-regular graph G with LIP(G) = k in terms of r and k.
Theorem 2. For every r-regular graph G of order n with LIP(G) = k, the following holds:
Proof. Let P be a longest induced path in G. We show that there are some graphs which meet the upper bound. Now, for every positive integer r, we construct an r-regular graph G of order n with LIP(G) = r, where the equality holds. Consider a path of order r, say P , and a set of vertices S outside of P .
If r is even, let S consist of r − 1 vertices. Otherwise, let S contain r vertices. In the case of even r, pick a vertex in S, say v, and join each of the other r − 2 vertices of S to all vertices of P . Afterward, remove the edges of an arbitrary matching of size r−2 2 between the non-end vertices of P and S \ {v}. Now, join v to all vertices of the removed matching.
If r is odd, then pick u and w from S and join all other r − 2 vertices of S to all vertices of P to obtain K r,r−2 . now remove a matching of size r − 2 of this K r,r−2 . Next, join w to u and the r − 2 vertices in S. Then, join u to all non-end vertices in P . Finally, join u to one of the end vertices of P and join w to the other one. One can check that these graphs are r-regular and have a longest induced path of order r. Therefore, the equality holds for this family of graphs. Now, we have an immediate corollary. Note on Complexity. In [3] , it is shown that determining whether the graph G has an induced path of length at least k, with arbitrary k, is NP-complete. Consequently, finding the LIP of the graph is NP-complete, too. However, while this theorem holds for general graphs, finding the longest induced path, to the best of our knowledge, is neither proved to be NP-complete, nor any polynomial time algorithm has been presented for, up to now. Proof. Let F 1 and F 2 be the largest induced forests of G, and G, respectively. By contradiction, assume that a(G) + a(G) ≥ n + 5. Since |V (F 1 ) ∪ V (F 2 )| ≤ n, we have
With no loss of generality and using pigeonhole principle, the induced subgraph on X in F 1 has at least ( t 2 ) 2 = t(t−1) 4 edges. Since t ≥ 5, t(t−1)
4
≥ t and the induced subgraph on X in F 1 contains a cycle we obtain a contradiction. Hence, a(G) + a(G) ≤ n + 4, for any graph of order n. To prove the sharpness of the bound, we present a family of graphs for which the equality holds.
Consider P n for n ≥ 4. The path P n is an induced forest and therefore, a(G) = n. Clearly, P n has an induced subgraph P 4 . Thus, we have a(G) ≥ 4 and the proof is complete.
Theorem 3 has an immediate corollary.
Corollary 2 Let G be a graph of order n. Then, LIF(G) + LIF(G) ≤ n + 4. Moreover, this bound is sharp.
Computational Results and One Conjecture
In this section, we present some computational results and propose a conjecture. We find the maximum and minimum order of largest induced forest in addition to largest and smallest LIF among all cubic graphs with fixed orders, up to 18 vertices. Graphs data were produced using GENREG [4] and brute-force search is carried out to find the statistics.
Summary of our results can be found in Table 1 . Furthermore, Punnim showed that a(G) ≥ 2t(G) [8] . Let f (G) = LIF(G) t(G) . By Caro-Wei Theorem [5] , we have f (G) ≥ 1. Let g(n) = min{f (G) | |V (G)| = n}, where G is connected. We have calculated g(n) for n up to 10. Table 2 shows our computational results. These computations can help us to find bounds for these measures and attack them theoretically. Moreover, by performing an exhaustive search on all graphs of order at most 10 and minimum degree at least 2, we propose the following conjecture.
Conjecture 1. If G is a graph with δ(G) ≥ 2, then f (G) ≥ 2.
K 2,3 , K 3,3 , and the complete graphs are the only graphs of order at most 10 and minimum degree at least 2 that attain the equality.
